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1 PAULI-VILLARS REGULATOR AND THE SEVENTY YEAR GHOST PROBLEM

6W5 0m Ptu�Ftl rhdTc iQdnodFhy edoFtoauFhn� iQdnob

uO GgN IwyHHl zRwPEwlF wEN zRIRzNz BHGfi vN ENlwRA vRGg

E=3¯’a0> , , , > a�? ;

–

’0/–6/?

0.-5 onAANyGNM sENNA rtAyGRnAF

rwyNz vRGg GgN EwCRz CEBURONEwGRBA BO zRwPEwlF OBE RAyENwFRAP BEzNE RA GgN yBHCURAP
yBAFGwAGfi GgNEN RF ANNz GB NyBABlRMN GgN ywUyHUwGRBA CEByNzHEN– jgN ywAyNUUwGRBA BO
wUU zRFyBAANyGNz CRNyNF RAIBUIRAP IwyHHl zRwPEwlF vwF w PENwG FRlCUR¨ywGRBA– XHG
GgN ENlwRARAP zRwPEwlF wEN FGRUU lwALfi NINA wG UBv BEzNE RA CNEGHExwGRBA GgNBEL–
rBEGHAwGNULfi ABG wUU BO GgNFN zRwPEwlF ENwUUL ENDHREN w FNCwEwGN ywUyHUwGRBA– rREFG BO
wUUfi GgNEN wEN lwAL zRwPEwlF vgRyg yBAFRFG BO zRFyBAANyGNz CRNyNFfi Nwyg BO vgRyg wU]
ENwzL ByyHEF RA GgN NKCwAFRBA ’0/–51? BO GgN GvB]CBRAG OHAyGRBA– jgN GBGwU wlCURGHzN
OwyGBERMNF RAGB GgN CEBzHyG BO NKCENFFRBAFfi BO vgRyg Nwyg RF TABvA OEBl GgN ywUyHUw]
GRBA BO E=1¯– jgHFfi vN ywA FwIN w PENwG zNwU BO UwxBE RO vN FNCwEwGN GgN yBAANyGNz
zRwPEwlF RA E=3¯ wAz yBAFRzNE GgNl FNCwEwGNUL– jgNL wEN ywUUNz GgN yBAANyGNz OBHE]
CBRAG OHAyGRBAF vRGg GgN ABGwGRBA E=3¯

t ’a0> a1> ai> a3?– jgNRE UBv]BEzNE NKCwAFRBA RF
FRlCUL

E=3¯’a0> , , , > a3? ;

–

’0/–60?

In order to regularize the divergences in loop graphs and also to implement gauge invariance Pauli and Villars

(RMP 1949) proposed that one replace the standard one-particle 1/(k2−M 2) propagator by the two-particle

D(k) =
1

k2 −M 2
1

− 1

k2 −M 2
2

, (1)

so that a 1/k2 asymptotic ultraviolet behavior at large k2 would be replaced by the more convergent 1/k4,

with the quadratically divergent one loop scalar field graph only being log divergent. While Pauli and Villars

recognized this as a mathematical procedure, they did not want to rule out that it might be physical. As

conceived, the two particles would be associated with an action of the form

IS1 + IS2 =

∫
d4x

[
1
2∂µφ1∂

µφ1 − 1
2M

2
1φ

2
1 − λφ41

]
+

∫
d4x

[
1
2∂µφ2∂

µφ2 − 1
2M

2
2φ

2
2 − λφ42

]
. (2)

with the insertion of ∑
|n1〉〈n1| −

∑
|n2〉〈n2| = I, (3)

with its ghostlike relative minus sign into

〈Ω1|T [φ1(x)φ1(0)]|Ω1〉 + 〈Ω2|T [φ2(x)φ2(0)]|Ω2〉 (4)

leading to (1). Thus ghosts could reduce asymptotic divergences, but at the price of loss of probability
and loss of unitarity.
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2 THE PAIS-UHLENBECK OSCILLATOR

To explore whether the Pauli-Villars regulator might be physical Pais and
Uhlenbeck (PR 1950) replaced the two-field action by a one-field fourth-order
derivative action

IS = 1
2

∫
d4x

[
∂µ∂νφ∂

µ∂νφ− (M2
1 + M2

2 )∂µφ∂
µφ + M2

1M
2
2φ

2
]
, (5)

with fourth-order derivative equation of motion given by

(∂2
t − ~∇2 + M2

1 )(∂2
t − ~∇2 + M2

2 )φ(x) = 0, (6)

and associated propagator of the Pauli-Villars form

D(k) =
1

(k2 −M2
1 )(k2 −M2

2 )
=

1

(M2
1 −M

2
2 )

(
1

k2 −M2
1

− 1

k2 −M2
2

)
.

(7)
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Since only time derivatives are relevant to quantization, on setting ω1 = (k̄2 + M 2
1 )1/2,

ω2 = (k̄2 + M 2
2 )1/2 and dropping the spatial dependence, the IS action

IS = 1
2

∫
d4x

[
∂µ∂νφ∂

µ∂νφ− (M 2
1 + M 2

2 )∂µφ∂
µφ + M 2

1M
2
2φ

2

]
, (8)

reduces to the Pais-Uhlenbeck (PU) action

IPU = 1
2

∫
dt
[
z̈2 −

(
ω2
1 + ω2

2

)
ż2 + ω2

1ω
2
2z

2
]
. (9)

This is a constrained action since with only z, ż and z̈, there are too many canonical variables
for one oscillator but not enough for two. So set x = ż, and using the method of Ostrogradski
(1850), Dirac Constraints (Mannheim and Davidson 2000, PRA 2005) or a variation of a
covariantized form of the action with respect to the metric, one obtains the two-oscillator
PU Hamiltonian

HPU = 1
2p

2
x + pzx + 1

2

(
ω2
1 + ω2

2

)
x2 − 1

2ω
2
1ω

2
2z

2, [z, pz] = i, [x, px] = i. (10)

Now there are no ghosts, but one now has to pay a different price: the−1
2ω

2
1ω

2
2z

2 term inHPU

leads to an energy spectrum that is unbounded from below, the Ostrogradski
(1850) instability that is characteristic of higher-derivative theories.
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3 TRADING THE ENERGY INSTABILITY FOR GHOSTS

Work by Lee (PR 1954), Kallen and Pauli (MFMDVS 1955) and Heisenberg (NP 1957)
reopened the ghost issue, and it was found that one could avoid negative energies in the PU
theory if one quantized the PU theory with negative norm states. Specifically, if we make
the standard substitutions

z = a1 + a†1 + a2 + a†2 pz = iω1ω
2
2(a1 − a†1) + iω2

1ω2(a2 − a†2),
x = −iω1(a1 − a†1)− iω2(a2 − a†2), px = −ω2

1(a1 + a†1)− ω2
2(a2 + a†2), (11)

we obtain a Hamiltonian and commutator algebra (Mannheim and Davidson 2000, PRA
2005)

HPU = 2(ω2
1 − ω2

2)(ω2
1a
†
1a1 − ω2

2a
†
2a2) + 1

2(ω1 + ω2),

[a1, a
†
1] =

1

2ω1(ω2
1 − ω2

2)
, [a2, a

†
2] = − 1

2ω2(ω2
1 − ω2

2)
, (12)

and note that with ω1 > ω2 the [a2, a
†
2] commutator is NEGATIVE.

Also, as will become important below, we note that the ω1 = ω2 limit is SINGULAR.
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TWO REALIZATIONS

HPU = 2(ω2
1 − ω2

2)(ω2
1a
†
1a1 − ω2

2a
†
2a2) + 1

2(ω1 + ω2),

[a1, a
†
1] =

1

2ω1(ω2
1 − ω2

2)
, [a2, a

†
2] = − 1

2ω2(ω2
1 − ω2

2)
, ω1 > ω2. (13)

If we define the vacuum according to

a1|Ω〉 = 0, a2|Ω〉 = 0,

the energy spectrum is bounded from below with |Ω〉 being the ground state with

energy (ω1 + ω2) /2. But the excited state a†2|Ω〉, which lies at energy ω2 above the ground

state, has a Dirac norm 〈Ω|a2a†2|Ω〉 that is NEGATIVE.

On the other hand if we define the vacuum according to

a1|Ω〉 = 0, a†2|Ω〉 = 0,

the PU theory is now free of negative-norm states, but the energy spectrum is unbounded
from below. (Negative energy states propagating forward in time.)

However, we note that for either realization all of the eigenvalues of HPU are REAL. This
will also be of importance below.
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Thus the PU theory suffers from one of two twin diseases, either negative
norms or negative energies. Since defining the vacuum by setting a2|Ω〉 = 0

or by setting a†2|Ω〉 = 0 would correspond to working in two totally different
Hilbert spaces, in no single Hilbert space does one have both diseases,
though in either one there is still a seemingly irrefutable problem.
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4 THE LEE-WICK MODEL

In order to try to make the log divergences in QED become finite, Lee and Wick (PRD 1970)
proposed to use the Pauli-Villars propagator but with a complex conjugate pair of masses

DLW(k) =
1

k2 −M 2 + iΓ
− 1

k2 −M 2 − iΓ
=

−2iΓ

(k2 −M 2)2 + Γ2
. (14)

With a standard Breit-Wigner being of the form

DBW(k) =
1

k2 −M 2 + iΓ
=

k2 −M 2 − iΓ
(k2 −M 2)2 + Γ2

(15)

the Lee-Wick propagator would have the same sign for its imaginary part as a Breit-Wigner,
and thus be unitary. In this way Lee and Wick solve the ghost problem of the Pauli-Villars
propagator, albeit with unstable rather than stable states.
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5 QUANTUM GRAVITY

With Einstein gravity being based on the second-order Einstein-Hilbert action:

IEH =
1

16πG

∫
d4x (−g)1/2Rα

α, (16)

the graviton propagator would be of the form 1/k2 and lead to uncontrollable quadratic divergences in per-

turbative quantum gravitational radiative corrections. However, a theory based on pure a fourth-order action

such as the conformal gravity Weyl action (see e.g. Mannheim, 1989 - 2020), an action that is invariant under

local conformal transformations of the form gµν(x)→ e2α(x)gµν(x) on the metric, viz.

IW = −2αg

∫
d4x (−g)1/2

[
RµκR

µκ − 1
3(Rα

α)2
]
, (17)

would lead to a 1/k4 propagator and thus lead to divergences that are only logarithmic and thus renormalizable.

A half-way hybrid would be a combination of both second-order and fourth-order actions into IEH + IW. Such

a combination would be of the same form as the scalar action

IS = 1
2

∫
d4x

[
∂µ∂νφ∂

µ∂νφ− (M 2
1 + M 2

2 )∂µφ∂
µφ + M 2

1M
2
2φ

2

]
, (18)

and thus lead to an associated propagator of the Pauli-Villars form

D(k) =
1

(k2 −M 2
1 )(k2 −M 2

2 )
=

1

(M 2
1 −M 2

2 )

(
1

k2 −M 2
1

− 1

k2 −M 2
2

)
. (19)

Such theories are in vogue at the moment (recently there was a whole conference at CERN on the topic)

as they provide a renormalizable theory of quantum gravity. (No string theory, no extra dimensions, no

supersymmetry).

GREAT, BUT WHAT ABOUT THE GHOSTS? WE APPEAR TO BE AT AN IMPASSE.
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6 PT SYMMETRY TO THE RESCUE – THE LEE MODEL

In 1954 Lee introduced a model in which one could do coupling constant renormalization analytically. However,

the model had ghost states of negative norm and Lee, Kallen and Pauli, and Heisenberg worked very hard on

the issue. However, the problem remained unsolved until the work of Bender, Brandt, Chen and Wang (PRD

2005) no less than some fifty years later.

What they found was that the ghost states only appear for a certain range of values of the renormalized

coupling constant of the model and that in that range the bare coupling constant is complex. In

consequence the theory is not a Hermitian theory, and one cannot use as norm or inner product the

overlap of a ket state with its Hermitian conjugate bra. However, they found that the theory

has an antilinear PT symmetry, and when one uses the PT theory norm, viz. the overlap of a ket

with its PT conjugate, one finds that this norm is POSITIVE DEFINITE.

SOLVING THE LEE MODEL GHOST PROBLEM THIS WAY IS A CONSIDERABLE

TRIUMPH FOR PT THEORY.

THUS IN GENERAL IF ONE FINDS STATES OF NEGATIVE DIRAC NORM, IT

DOES NOT NECESSARILY MEAN THAT THE THEORY IS NOT UNITARY. IT

COULD MEAN THAT ONE IS IN THE WRONG HILBERT SPACE AND THAT ONE

IS USING THE USING THE WRONG INNER PRODUCT (THE DIRAC ONE), WITH

A DIFFERENT INNER PRODUCT (THE PT ONE) BEING UNITARY.
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SO WHAT ABOUT PAULI-VILLARS AND THE PAIS-UHLENBECK OSCILLATOR?

Returning now to the PU Hamiltonian

HPU = 1
2p

2
x + pzx + 1

2

(
ω2
1 + ω2

2

)
x2 − 1

2ω
2
1ω

2
2z

2, [z, pz] = i, [x, px] = i. (20)

Now there is no complex coupling constant that could save us. However, if we set pz = −i∂z, px = −i∂x, the

Schrodinger equation takes the form[
−1

2

∂2

∂x2
− ix ∂

∂z
+

1

2
(ω2

1 + ω2
2)x2 − 1

2
ω2
1ω

2
2z

2

]
ψn(z, x) = Enψn(z, x), (21)

with the lowest positive energy state with E0 = (ω1 + ω2)/2 having eigenfunction (Bender and Mannheim

2008)

ψ0(z, x) = exp
[
1
2(ω1 + ω2)ω1ω2z

2 + iω1ω2zx− 1
2(ω1 + ω2)x

2
]
. (22)

The state ψ0(z, x) diverges as z →∞ and is thus not normalizable. The norm of the ground state

〈Ω|Ω〉 =

∫
dxdz〈Ω|xz〉〈xz|Ω〉 =

∫
dxdzψ∗0(x, z)ψ0(x, z) =∞

is infinite too. Such lack of normalizability means that the closure relation∑
|n1〉〈n1| −

∑
|n2〉〈n2| = I, (23)

could not hold as it presupposes normalizable states. However, rather than being a bad thing,

IT IS THE LACK OF NORMALIZABILITY THAT ACTUALLY SAVES THE THEORY.
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To make

ψ0(z, x) = exp
[
1
2(ω1 + ω2)ω1ω2z

2 + iω1ω2zx− 1
2(ω1 + ω2)x

2
]

(24)

normalizable we must continue z into the complex plane. If we draw a letterX in the complex
z plane, the wave function will be normalizable in a wedge (a so-called Stokes wedge) that
contains the north and south quadrants in the letter X , i.e. that contains the imaginary z
axis but not the real z axis (which is in the east and west quadrants).

To implement this we make a similarity transformation (Bender and Mannheim PRL 2008)

y = eπpzz/2ze−πpzz/2 = −iz, q = eπpzz/2pze
−πpzz/2 = ipz,

[y, q] = i, [p, x] = i, px = p, (25)

to obtain

eπpzz/2HPUe
−πpzz/2 = H̄ =

p2

2
− iqx +

1

2

(
ω2
1 + ω2

2

)
x2 +

1

2
ω2
1ω

2
2y

2, (26)

H̄ is now manifestly not Hermitian, but all of its eigenvalues are still real. It thus falls into
the class of non-Hermitian theories that have a PT symmetry (x and y are PT odd and p
and q are PT even) and have all energy eigenvalues real.
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To make it manifest that all the eigenstates have positive norm we make an additional similarity transfor-

mation

Q = αpq + βxy, α =
1

ω1ω2
log

(
ω1 + ω2

ω1 − ω2

)
, β = αω2

1ω
2
2, (27)

under which H̄ transforms to (Bender and Mannheim PRL 2008)

e−Q/2H̄eQ/2 = H̄ ′ =
p2

2
+

q2

2ω2
1

+
1

2
ω2
1x

2 +
1

2
ω2
1ω

2
2y

2. (28)

We recognize H̄ ′ as being a fully acceptable standard, positive norm two-dimensional oscillator system.

In addition we note that with its phase being −Q/2 rather than −iQ/2, the e−Q/2 operator is not unitary.

The transformation from H̄ to H̄ ′ is thus not a unitary transformation, but is a transformation from a skew

basis with eigenvectors |n〉 to an orthogonal basis with eigenvectors

|n′〉 = e−Q/2|n〉, 〈n′| = 〈n|e−Q/2.
Then since 〈n′|m′〉 = δmn, the eigenstates of H̄ obey

〈n|e−Q|m〉 = δmn,
∑
n

|n〉〈n|e−Q = I,

H̄ =
∑
n

|n〉En〈n|e−Q, H̄|n〉 = En|n〉, 〈n|e−QH̄ = 〈n|e−QEn. (29)

We thus recognize the inner product as being not 〈n|m〉 but 〈n|e−Q|m〉, with the conjugate of |n〉 being

〈n|e−Q. This state is also the PT conjugate of |n〉, so that the inner product is the overlap of a state with

its PT conjugate rather than that with its Hermitian conjugate, just as we had noted earlier. And as such

this inner product is positive definite since 〈n′|m′〉 = δmn is. The PU oscillator theory and accordingly the

Pauli-Villars propagator theory are thus fully viable unitary theories.
Finally, we note that when ω1 = ω2 the Q operator becomes undefined.
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7 BUT WHERE DID THE MINUS SIGN GO?

The propagator

D(k) =
1

k2 −M 2
1

− 1

k2 −M 2
2

(30)

has a relative minus sign, so where is it if all norms are positive.

The answer is that one should not identify the c-number D(k) with the matrix element
〈Ω|T [φ(x)φ(0)]|Ω〉, but with the matrix element 〈Ω|e−QT [φ(x)φ(0)]|Ω〉 instead. Now one
can insert

∑
|n〉〈n|e−Q = I into 〈Ω|e−QT [φ(x)φ(0)]|Ω〉 and generate D(k) with it being

the introduction of e−Q that generates the minus sign (Bender and Mannheim PRD 2008)
and not the presence of negative norm states.

The error was thus in associating D(k) with 〈Ω|T [φ(x)φ(0)]|Ω〉 without first
having constructed the Hilbert space. You can go from the q-number
Hilbert space to the c-number propagator but not the other way round.
Thus we do not actually get rid of the ghost, we show that it was not there
in the first place, with the reasoning that led one to think that there is a
ghost being faulty.
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8 BUT WHAT HAPPENS IN LOOPS?

The  integrals  over  unconstrained  momenta,  called  "loop  integrals",  in  the  Feynman  graphs
typically diverge. This is normally handled by renormalization, which is a procedure of adding
divergent counter-terms to the Lagrangian in such a way that the diagrams constructed from the
original Lagrangian and counterterms are finite.[2] A renormalization scale must be introduced in
the process, and the coupling constant and mass become dependent upon it. It is this dependence
that  leads to  the Landau pole  mentioned earlier,  and requires  that  the  cutoff  be  kept  finite.
Alternatively, if the cutoff is allowed to go to infinity, the Landau pole can be avoided only if the
renormalized coupling runs to zero, rendering the theory trivial.[3]

An interesting feature can occur if m2 turns negative, but with λ still positive. In this case, the
vacuum consists of two lowest-energy states, each of which spontaneously breaks the Z2 global

Renormalization

Spontaneous symmetry breaking

Quartic interaction - Wikipedia https://en.wikipedia.org/wiki/Quartic_interaction
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6W5 0m Ptu�Ftl rhdTc iQdnodFhy edoFtoauFhn� iQdnob

uO GgN IwyHHl zRwPEwlF wEN zRIRzNz BHGfi vN ENlwRA vRGg

E=3¯’a0> , , , > a�? ;

–

’0/–6/?

0.-5 onAANyGNM sENNA rtAyGRnAF

rwyNz vRGg GgN EwCRz CEBURONEwGRBA BO zRwPEwlF OBE RAyENwFRAP BEzNE RA GgN yBHCURAP
yBAFGwAGfi GgNEN RF ANNz GB NyBABlRMN GgN ywUyHUwGRBA CEByNzHEN– jgN ywAyNUUwGRBA BO
wUU zRFyBAANyGNz CRNyNF RAIBUIRAP IwyHHl zRwPEwlF vwF w PENwG FRlCUR¨ywGRBA– XHG
GgN ENlwRARAP zRwPEwlF wEN FGRUU lwALfi NINA wG UBv BEzNE RA CNEGHExwGRBA GgNBEL–
rBEGHAwGNULfi ABG wUU BO GgNFN zRwPEwlF ENwUUL ENDHREN w FNCwEwGN ywUyHUwGRBA– rREFG BO
wUUfi GgNEN wEN lwAL zRwPEwlF vgRyg yBAFRFG BO zRFyBAANyGNz CRNyNFfi Nwyg BO vgRyg wU]
ENwzL ByyHEF RA GgN NKCwAFRBA ’0/–51? BO GgN GvB]CBRAG OHAyGRBA– jgN GBGwU wlCURGHzN
OwyGBERMNF RAGB GgN CEBzHyG BO NKCENFFRBAFfi BO vgRyg Nwyg RF TABvA OEBl GgN ywUyHUw]
GRBA BO E=1¯– jgHFfi vN ywA FwIN w PENwG zNwU BO UwxBE RO vN FNCwEwGN GgN yBAANyGNz
zRwPEwlF RA E=3¯ wAz yBAFRzNE GgNl FNCwEwGNUL– jgNL wEN ywUUNz GgN yBAANyGNz OBHE]
CBRAG OHAyGRBAF vRGg GgN ABGwGRBA E=3¯

t ’a0> a1> ai> a3?– jgNRE UBv]BEzNE NKCwAFRBA RF
FRlCUL

E=3¯’a0> , , , > a3? ;

–

’0/–60?

Tree and One-Loop Graphs

With the propagator

D(k) =
1

k2 −M 2
1

− 1

k2 −M 2
2

, (31)

some of the discontinuities across the loop graph have negative signature and thus on their own violate unitarity.

However this cannot be since you cannot change the signature of a Hilbert space in perturbation theory.

What needs to be taken into consideration is that under the e−Q/2 similarity transformation the interaction

changes its form. Thus we actually cannot just treat the system as two decoupled oscillators since under the

same e−Q/2 that decouples them in H ′ an interaction term such as λy4 would transform into λ[y′]4 where

y′ = e−Q/2yeQ/2 = y cosh θ + i(α/β)1/2p sinh θ, θ = 1
2(αβ)1/2. (32)

Because of this the tree graph is no longer just λ as it would be in a Hermitian theory. Rather, the structure
that it has precisely generates an additional contribution to the discontinuity that cancels the negative one in
the loop, to then leave the full discontinuity positive, just as it should be (Mannheim PRD 2018).
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9 ANTILINEAR SYMMETRY

To see how antilinearity works in general it is instructive to look at the eigenvector equation

i
∂

∂t
|ψ(t)〉 = H|ψ(t)〉 = E|ψ(t)〉. (33)

On replacing the parameter t by −t and then multiplying by a general antilinear operator
A we obtain

i
∂

∂t
A|ψ(−t)〉 = AHA−1A|ψ(−t)〉 = E∗A|ψ(−t)〉. (34)

If AHA−1 = H then energies are real or in complex conjugate pairs (Wigner 1931,
JMP 1960).

Real energies have eigenfunctions that obey A|ψ(−t)〉 = η|ψ(t)〉 with phase η. Com-
plex conjugate pairs of energies have eigenfunctions (|ψ(t)〉 ∼ exp(−iEt) and A|ψ(−t)〉 ∼
exp(−iE∗t)) that are in complex conjugate pairs with A transforming one into the other.

Mannheim JPA 2018: the necessary and sufficient condition for all eigenvalues to be real
is that H has an antilinear symmetry and that its eigenstates are also eigenstates of the
antilinear operator. (H being Hermitian is only sufficient for real eigenvalues.) While A
could be any operator, such theories are generically called PT theories because they date
back to the study of the PT symmetric H = p2 + ix3 (Bender and Boettcher PRL 1998).
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10 PSEUDO-HERMITICITY

For probability conservation consider a right eigenstate |Ri(t)〉 and a candidate inner product

i
d

dt
|Ri(t)〉 = H|Ri(t)〉, i

d

dt
〈Rj(t)|V |Ri(t)〉 = 〈Rj(t|(V H −H†V )|Ri(t)〉.

Probability is conserved if

V H = H†V, V HV −1 = H†.

This is the Pseudo-Hermitian condition (Mostafazadeh JMP 2002). For the PU theory V = e−Q and left-

eigenstate 〈L| = 〈R|V = 〈R|e−Q.

Mannheim JPA 2018: Taking 〈L|R〉 to be time independent implies V H = H†V , so condition is both necessary

and sufficient. Thus the most general inner product is 〈L|R〉.

But if V HV −1 = H† then energies real or in complex pairs. Thus V HV −1 = H† implies AHA−1 = H and

vice versa. Pseudo-Hermiticity and antilinearity are equivalent.

If eigenspectrum is real and complete can bring H to a Hermitian form by

SHS−1 = H ′ = H ′† = S−1†H†S†, S†SHS−1S−1† = H†.

Thus we can identify V = S†S and confirm the positivity of the left-right V norm

〈L|R〉 = 〈R|V |R〉 = 〈R|S†S|R〉.

To make the left-right norm agree with the PT norm one should define the PT norm not as the overlap of a
state with its PT conjugate but as [|R〉]PTη|R〉 where η is the PT phase of the state (Mannheim PRD 2018).
These phases are also the eigenvalues of the C operator introduced by Bender (RPP 2007), but these phases
can exist even when there is no C operator.
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11 IMPLICATIONS FOR THE LEE-WICK MODEL

With its energies just happening to be in complex conjugate pairs the Lee-
Wick model is a PT theory. Since this is also the case for energies real (the
PU model) in all cases the Pauli-Villars type theories are PT theories, and
in all cases that is what makes them unitary and ghost free.

Currently there is much interest in the so-called Lee-Wick standard model, and it is being
used for particle physics phenomenology (Grinstein, O’Connell and Wise PRD 2008). With-
out the practitioners knowing it, we see that PT symmetry is now being used in particle
phenomenology.
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12 WHY DO WE NEED TO CONTINUE INTO THE COMPLEX PLANE?

What do we mean when we say that H = p2 + ix3 is not Hermitian, and how could

HPU = 1
2p

2
x + pzx + 1

2

(
ω2
1 + ω2

2

)
x2 − 1

2ω
2
1ω

2
2z

2 (35)

not be Hermitian. We ordinarily think of position and momentum operators as being Hermi-
tian. However that only means that when acting on their own eigenstates one can integrate
by parts and throw away surface terms. However that does not mean that when acting on
the eigenstates of some other operator such as the Hamiltonian that is built out of them that
one can still integrate by parts. It is when there is such a mismatch that one has to continue
into the complex plane into a domain where one has asymptotic convergence and one then
can integrate by parts.

To see how it is you cannot tell whether a Hamiltonian might be Hermitian or not just by
inspection, set ω1 = α + iβ, ω2 = α− iβ. One then obtains

HPU = 1
2p

2
x + pzx +

(
α2 − β2

)
x2 − 1

2(α
2 + β2)2z2, (36)

HPU still looks Hermitian, but its eigenvalues are in a complex pair.
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And even more. Set ω1 = ω2 = ω. Now we have

HPU = 1
2p

2
x + pzx + ω2x2 − 1

2ω
4z2. (37)

HPU again still looks Hermitian, but the Q operator that we introduced before

Q = αpq + βxy, α =
1

ω1ω2
log

(
ω1 + ω2

ω1 − ω2

)
, β = αω2

1ω
2
2, (38)

which effects

e−Q/2H̄eQ/2 = H̄ ′ =
p2

2
+

q2

2ω2
1

+
1

2
ω2
1x

2 +
1

2
ω2
1ω

2
2y

2, (39)

becomes singular at ω1 = ω2 and HPU can no longer be diagonalized. The equal frequency
PU oscillator is thus a non-diagonalizable and thus non-Hermitian Jordan-block Hamiltonian
that lacks a complete set of eigenstates, something that is not at all obvious from the ap-
pearance of HPU. The point ω1 = ω2 is the transition point (an exceptional point) between
energies real and energies in a complex conjugate pair, which is why there is a singularity.
This is a generic feature of antilinear symmetry.

HERMITICITY CANNOT BE ESTABLISHED BY INSPECTION, BUT
ANTILINEAR SYMMETRY CAN BE.
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13 IS THERE A PREFERRED ANTILINEAR SYMMETRY IN NATURE - YES CPT

The Lorentz group has a restricted sector (only real Lorentz transformations), and this sector can be extended

by complex Lorentz transformations to the proper Lorentz group. On coordinates PT implements xµ → −xµ,

and thus so does CPT since the coordinates are charge conjugation even. With a boost in the x1-direction

implementing x′1 = x1 cosh ξ + t sinh ξ, t′ = t cosh ξ + x1 sinh ξ, with complex ξ = iπ we obtain

Λ0
1(iπ) : x1 → −x1, t→ −t,

Λ0
2(iπ) : x2 → −x2, t→ −t,

Λ0
3(iπ) : x3 → −x3, t→ −t,

πτ = Λ0
3(iπ)Λ0

2(iπ)Λ0
1(iπ) : xµ → −xµ. (40)

Bender RPP 2007: Complex πτ implements the linear part of a PT (and consequently CPT ) transformation

on coordinates.

With Λ0
i(iπ) implementing e−iπγ

0γi/2 = −iγ0γi for Dirac gamma matrices, on introducing

π̂τ̂ = Λ̂0
3(iπ)Λ̂0

2(iπ)Λ̂0
1(iπ), (41)

for Majorana spinors we obtain

π̂τ̂ψ1(x)τ̂−1π̂−1 = γ5ψ1(−x), π̂τ̂ψ2(x)τ̂−1π̂−1 = γ5ψ2(−x). (42)

Thus up to an overall complex phase, quite remarkably we recognize (Mannheim JPA 2018) this transformation

as acting as none other than the linear part of a CPT transformation since

ĈP̂ T̂ [ψ1(x) + iψ2(x)]T̂−1P̂−1Ĉ−1 = iγ5[ψ1(−x)− iψ2(−x)].

Note that for fermions π̂τ̂ does not implement a PT transformation, but a CPT transformation, a thus first
principles reason for charge conjugation.Thus the linear part of a CPT transformation is naturally associated
with the complex Lorentz group.
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14 PROOF OF THE CPT THEOREM WITHOUT HERMITICITY

But what about the antilinear part of a CPT transformation. That is fixed by probability con-
servation. Thus if impose just INVARIANCE UNDER COMPLEX LORENTZ
TRANSFORMATIONS and PROBABILITY CONSERVATION one can ex-
tend the CPT Theorem (Mannheim JPA 2018) to non-Hermitian systems.

Then when C is separately conserved (as is the case below the threshold for particle produc-
tion) CPT defaults to PT, to thus put PT symmetry on a quite secure theoretical footing.
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15 SOLVING THE GRAVITY GHOST PROBLEM

As noted before, the nonrenormalizable Einstein gravity (propagator behaves as 1/k2) is based on the second-

order Einstein-Hilbert action:

IEH =
1

16πG

∫
d4x (−g)1/2Rα

α, (43)

while the renormalizable conformal gravity (propagator behaves as 1/k4) is based on the fourth-order derivative

IW = −2αg

∫
d4x (−g)1/2

[
RµκR

µκ − 1
3(Rα

α)2
]
. (44)

The combination of second-order and fourth-order actions IEH + IW would be of the same form as the scalar

action

IS = 1
2

∫
d4x

[
∂µ∂νφ∂

µ∂νφ− (M 2
1 + M 2

2 )∂µφ∂
µφ + M 2

1M
2
2φ

2

]
, (45)

and thus lead to an associated propagator of the Pauli-Villars form

D(k) =
1

(k2 −M 2
1 )(k2 −M 2

2 )
=

1

(M 2
1 −M 2

2 )

(
1

k2 −M 2
1

− 1

k2 −M 2
2

)
. (46)

Thus as with Pauli-Villars this theory is a unitary PT theory, and there are no ghosts

after all. So fully viable.

But what about pure fourth-order. Setting M 2
1 = M 2

2 is singular, so pure fourth-order

theory is a non-diagonalizable CPT symmetric theory, and thus PT symmetric theory

since gµν is C even. So also fully viable.
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16 BUT WHY SHOULD ANYONE WHO DOES NOT LIKE HIGHER-DERIVATIVE

GRAVITY CARE

Consider the Dirac action for a massless fermion coupled to a background geometry of the
form

ID =

∫
d4x(−g)1/2iψ̄γcV µ

c (∂µ + Γµ)ψ, (47)

where the V µ
a are vierbeins and Γµ = −(1/8)[γa, γb](V

b
ν ∂µV

aν + V b
λΓλνµV

aν) is the spin
connection that enables ID to be locally Lorentz invariant.

As constructed, Γµ also enables ID to be locally conformal invariant under

V µ
a → e−α(x)V µ

a (x), ψ(x)→ e−3α(x)/2ψ(x), gµν(x)→ e2α(x)gµν(x).

We thus get local conformal invariance for free. In fact, other than the double-well potential,
the entire SU(3) × SU(2) × U(1) standard model is conformal invariant. Thus if fermion
masses are generated dynamically (Mannheim PPNP 2017), then the entire standard model
would be locally conformal invariant.
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We now introduce the path integral
∫
D[ψ]D[ψ̄] exp iID = exp(iIEFF), and on performing

the path integration on ψ and ψ̄ obtain an effective action with leading term (t’Hooft 2010)

IEFF =

∫
d4x(−g)1/2C

[
RµνR

µν − 1
3(R

α
α)2
]
, (48)

where C is a log divergent constant. Thus in the standard model itself we generate the
conformal gravity action. But the standard model is ghost free. Since the fermion path
integral is equivalent to a one loop Feynman diagram and since one cannot change the
signature of a Hilbert space in perturbation theory, conformal gravity must be ghost free
too. Because if it were not then the standard model would not be unitary.

Radiative corrections to SU(3)×SU(2)×U(1) in an external gravitational field
generate conformal gravity whether you like it or not, and thus generate a
gravity theory that has a PT structure, again whether you like it or not.
Gravity thus forces PT symmetry on the standard model.

17 SUMMARY

PT symmetry is quite ubiquitous in physics, and cannot be avoided or
ignored, especially in the standard model. To establish it or CPT symme-
try only requires complex Lorentz invariance and probability conservation.
And if the theory of quantum gravity turns out to be conformal gravity,
then one of the four fundamental forces in nature would be a PT theory.
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