Study of the Radiation Reaction Force for a Step
Electric Field and an Electromagnetic Pulse

G. Ares de Parga'®, S. Dominguez-Hernandez?, E. Salinas-Hernandez?
and M. Ortiz-Dominguez*

'Dpto. de Fisica, Escuela Superior de Fisica y Matematicas, Instituto Politécnico Nacional, U.
P. Adolfo Lopez Mateos, Zacatenco, C.P. 07738, Ciudad de México, México.

2Unidad Profesional Interdisciplinaria en Ingenieria y Tecnologias Avanzadas, Av. Instituto
Politécnico Nacional 2580, Gustavo A. Madero, Barrio la Laguna Ticoman, 07340, Ciudad de
Meéxico, México.

3Escuela Superior de Computo, Instituto Politécnico Nacional, Av. Miguel Othén de
Mendizabal s/n. Col. La Escalera. U. P. Adolfo Lépez Mateos, Zacatenco, Del. Gustavo A.
Madero, C.P. 07738, Ciudad de México, México.

4Universidad Auténoma del Estado de Hidalgo, Escuela Superior de Ciudad
Sahagun-Ingenierfa Mecénica, Carretera Cd. Sahagin-Otumba s/n, Hidalgo, México.

E-mail: *gadpau@hotmail.com

Abstract. The motions of a spin-less point-like charged particle predicted by the Landau-
Lifshitz equation and the Hammond method are obtained for a step electric field, a smooth
step electric field and an electromagnetic pulse by using analytical and numerical solutions. In
addition to Hammond method not presenting the so-called constant force paradox, using step
force brings out the apparent physical contradictions of Landau-Lifshitz equation regarding
energy conservation. Nevertheless, a smooth step force shows the consistency of the Landau-
Lifshitz equation. Unlike other cases, the electromagnetic pulse shows another fundamental
difference between the two models. Finally, an analysis of the Hammond method is made.

1. Introduction

In recent years, the Landau-Lifshitz equation 1] [LL| has been considered by many authors as the
best equation, among many others [2], [3], [4] (see also Parrot book [5] and references therein),
to describe the motion of a spin-less point-like charged particle including the radiation reaction
force within the framework of Classical Electrodynamics. Although for some authors [5], the
expression for the LL radiation reaction force is an approximation or a variant of Lorentz-Dirac
equation [6] [LD], for others, it represents an exact one [7], [8], [9], [10], [11], [12], [13]. Being
a second-order differential equation, it does not present solutions with physical anomalies such
as self-accelerations and pre-accelerations that exist in Dirac’s theory. Therefore, using the LL
equation it is not necessary to use the asymptotic conditions required in Dirac’s theory. It should
be noted that in recent years ultrahigh intensity electromagnetic pulses (1022 Wem =2 [14]) have
been produced making the analysis of the radiation reaction term more important. It has been
shown that for such pulses, different equations as the Eliezer-Ford-O’Connell [15], [16] [EFO] and
LL equations predict the same effects [17], [18]. Moreover, using the LL equation, it is possible
to carry out a deeper study of a relativistic plasma modifying the relativistic Vlasov equation



and obtaining new dispersion relations other than those deduced without considering radiation
reaction term [19]. On the other hand, DeWitt and Brehme [20] obtained a generalization of the
LD equation in General Relativity which was corrected by Hobbs [21] few years later. Moreover,
the corresponding generalization in General Relativity of the LL equation was made by Quinn
and Wald [22|. Also, considering a charged particle with structure, Ford and O’Connell [23],
[16], [24] by using quantum arguments and a Langevin equation, deduced an equation of motion
for the non-relativistic case, known as the Ford equation which can be physically generalized to
Special Relativity giving the Eliezer equation ; that is the EFO equation [15], [16]. Moreover,
Krivitskil and Tsytovich [25] shown that the LL radiation reaction term represents an average
radiation reaction force in Quantum Electrodynamics. This last point reinforces the idea that
the LL equation can be taken as the equation that describes the motion of a spin-less point-like
charged particle in Classical Electrodynamics.

Although the LL equation possesses all the physical qualifications to describe the motion of
a charged particle, when the solution is analyzed in the case of a constant electric field it turns
out that the radiation reaction force vanishes [8], [26], [27]. That is: for a constant force, there
is no effect in the motion of the charged particle due to the radiation reaction force and the
charged particle is driven by the Lorentz force. However, DeWitt and Brehme [20] explained
this phenomenon by noticing that the radiation exits at the infinite; that is, the energy radiated
to infinite is taken from the attached fields (The Scott term or the acceleration energy) and
consequently even if the total radiation reaction term in the equation of motion vanishes, the
radiation to infinite (the irreversible emission of radiation) exists. This has been calculated
and proven by Ares de Parga [12]. However, this explanation is not accepted by many authors
[28], [29] and they have reached the conclusion that the rest mass of the charge is not conserved.
Moreover, Sorkin [30] says that this phenomenon raises a paradox which we will call the constant
electric field paradox. Recently, Hammond [31], [32], [33], [34], [35], [36], [37], proposed a new
method which avoids this paradox. This method consists of searching an expression for the
radiation reaction force for each applied force to the charge and it is solved in many cases by
using an iteration model of equations which gives a result at first order in 7, = 2¢%/3mc?® (the
characteristic time of the charge). The results practically coincides with the solutions of the LL
and EFO equations in many cases. Indeed, if we make a comparison of the solutions of both,
the LL equation and the Hammond method, for the constant magnetic field [38], [32], [33], for
the central field [39] and for the low energy electromagnetic pulses, we notice that within the
approximations made for the levels of energy where the damping force is important, the results
are similar. However, Hammond [35] claims that for ultrahigh intensity electromagnetic pulses
the differences between the motions predicted by the EFO equation, the LL equation and the
H method are important. Such differences appear within the Shen’s zone [40] where quantum
effects are not important and an equation of motion is meaningful for a physical description.
Moreover, Hammond argues that the results obtained by using LL equation do not accomplish
a balance of energy [35]. In counterpart, the LL and the EFO equations are founded in different
expressions for the radiated energy at the infinite; that is: the Larmor formula does not represent
the radiation power at the infinite in these theories [12], [13].

It has to be noticed that the Lawson-Woodward theorem [41], [42] states, if radiation reaction
is excluded, the particle gains no net momentum from the pulse. This happens when we consider
the Lorentz solution. We will expect that when the radiation reaction force is included in any of
the different equations that we are dealing with, a gain of energy must appear, particularly in
the direction of the pulse. This represents the reason to study the effects of the different reaction
terms when an ultrahigh intensity electromagnetic pulse is applied.

Although in many cases the solutions of Hammond method and those of LL equation coincide,
in the cases of the constant electric field (including the step and the smooth step electric field)
and the ultrahigh intensity electromagnetic pulse, there are differences. Indeed, we will see in this



article that solving both methods in the two mentioned cases such differences appear. However,
such differences differ from those described by Hammond. The purpose of this article consists of
showing that the Landau-Lifshitz equation represents the better equation to describe the motion
of a spin-less point-like charged particle in Classical Electrodynamics.

The article is organized as follows. In section 2, By using the LL equation, the constant
electric field paradox is described. The Hammond method is exposed and the result obtained by
applying it to the constant electric field is compared with the ones obtained for the same case
from the L and LL equations. In section 3, the results obtained for the step electric field case by
using the L and the LL equations, and the H method, are compared. Since, a step electric field
is not physically acceptable, the same calculations and comparisons are made for the smooth
step electric field. In section 4, the electromagnetic pulse case is analyzed for the L equation,
for the LL equation, for a proposed Lorentz-Dirac-Hammond equation [LDH]| and the Hammond
approximation equation |[HA|. The technique used by Hammond for obtaining the numerical
solution of the LL equation in the case of the ultrahigh intensity electromagnetic pulse is also
analyzed and compared with our result. In section 5, a discussion is made about the pros and
cons of the two theories showing the inherent defect of Hammond’s method. Some concluding
remarks are made in section 6.

2. The Constant Electric Field Paradox and the Hammond Method

The constant electric paradox consists of having a vanishing radiation reaction term in the
equation of motion of a spin-less point-like charged particle when a constant electric field or
constant force is applied to the charge. These happens when we deal with the LD, the EFO or
the LL equations.

2.1. The Landau-Lifshitz Equation and the Constant Electric Field Paradox
Since we are interested in comparing the LL equation with the H method, let us begin by
expressing the LL equation [1]:

mat = (q/c)F* w,
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With this expression of the LL equation, it is easy to show that the radiation reaction term
vanishes when we applied a constant electric field. Consider the radiation reaction term for a
constant electric field F,
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= E*w* (1 - Zi) =0. (5)

Therefore, for the constant electric force, the LL equation is equivalent to the L equation of
motion and there is no effect on the motion of the charge due to the radiation reaction force.
Notice that this does not mean that the charge does not radiate. It means that the radiated
energy to the infinity is taken from the attached fields [12], [26], [20].

In order to make the comparison with the H method, let us deduce the solution of this case.
If we consider the electric field in the ! direction, the L and LL equations turn to be

duw® eE

= ot =Qw!
dr mcw v

dw! el

= 0= i 6
dr me w (6)

where = % If we impose the initial conditions for the 4—velocity, w® = ¢ and w' = 0, the
well-known solutions are:

w’ = ccoshQr

w! = ¢sinh Qr. (7)

These solutions are described in figures (1) and (2).

2.2. The Hammond Method
The constant force paradox encouraged Hammond to develop a theory which avoids it [31], [32],
[33], [34], [35], [36]. He began by proposing an equation of this type

dwt e
— FHo%y + fF, 8
dr me v !/ (8)

where the radiation reaction force f* is described by

o
fH=opt— %% with fY=w'P/c 9)
This system of equations, Egs. (8) and (9), represents a complete set of equations to determine
the motion of the charge. It has to be pointed out that @ does not represent an exact differential
as it happens with the heat in Thermodynamics. This point represents a correction to Hammond
theory. Indeed, we will see that ¢ = ¢(z,, w,) and therefore, there is a difference between d¢/dr
and d¢drT; that is:

d¢ _ 9¢

dr Oz, Wn

dp 09 9¢
and — = ——w, + ——a,. 10
dr Oz, " Ow, " (10)
Physically, this is consistent with the fact that non exact differentials are always connected with
no reversible processes as the radiation. The fact that ¢ has to be deduced for each applied
force to the charge implies that there is no a H equation of motion but a H method to obtain an
equation of motion for each case. Then,
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Following Hammond [36] but including our correction, we arrive at:

a
P = d—f = (iiw# with P=—1,ma® = —Tomayar. (12)
Then,
dw,, dw*
d¢ = Pdr = —1,mauat'dr = —Tom&ﬁ T. (13)
dr dr

2.2.1. Constant electric field in the x* direction within Hammond theory

In order to analyze the constant electric field case in the x! direction and to be able to solve
Eq. (11) it is necessary to make the following approximation (first order in 7,): The Lorentz
acceleration is taken to evaluate P; that is:
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By using Egs. (13) y (17), we have
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On the other hand,
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This result used in Eq. (11) permits to check the balance of energy. It has to be remembered
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and consequently ¢ = ¢(x*,w’) and in general ¢ = ¢(z*,w"). Had we used d¢p, we would have
obtained
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. N
Wn (¢ c? dT) W ¢z dr
d¢
= ’U)N(Z)“u' — 7d7_
¢
_ o o
Wy wy P ay du,
o9
= _ . 21
a# 8’(1]# 7& 0 ( )

Hence, the balance of energy would not be satisfied. Therefore, we must use d¢. Finally, the
radiation reaction term depends on the trajectory as it is expected.
We are able to express the equations of motion for the constant electric field; that is:

dw® eE ; 1P u

b - __p 22
dr  em +mfyc c2m (22)
We obtain P
my = eBw' + — — Py, (23)
v
where ¥ = dvy/dr.
For z!, we arrive at
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That is, by using Q = eFE/me,
dw' 0 2,1
— = Q" — 7,Q%w". (25)
dr
Let us propose
wh = ut + ot (26)

Therefore, Eq. (25) can be written as

dw' _d(u' + 70" 0 0 2(.1 1
= o =Q (u + Tv ) — 7,52 (u + Tv ) . (27)

On the other hand, developing the identity w,w* = c?,

P w0w0+w1w

= (uo + 10v0) (uo + 7'07)0) + (u1 + 1ov1) (ul + 7'07)1) ,

1

= uouo + ulul + 27 [uovo + ulvl} + 7'3 (vovo + vlv1> ,
By identifying the coefficients of 79 and 7¢, we obtain
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Therefore,

0 0,,0

uov®  u'v
Ul = — ” — 77 (29)
(v0)> = —wvo' = (WH2 (30)

0

These identities will be used later in order to deduce v° in terms of v', u® and u'. Then, from

Eq. (25), neglecting the terms of order 72, we have

d (ul! + 70!
d(uw +7v) I o) =Q (uo + TOUO) — 7,02 (ul + 7’02}1) . (31)
Identifying the terms depending on 7, or not, we obtain

du* do!
% =’ and dir = — Q%! (32)
Now, we need to obtain w”. By using Eq. (22) and by substituting P from Eq. (18), we have

0
dd% = Qu' 4 7,02 <§ - w0> . (33)

By using Eq. (26) into Ec. (33), with w® = u® + 7,0° | we have
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2
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Therefore,
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From Eq. (32) and (35), we can obtain the solution for u#; that is:

0 T
Cill = Qu® = u® = ccoshQr  and du” _ Qu® = u! = csinh Qr. (36)
T T
Therefore,
dv' 0 2
— — v’ = —cQ*sinh Q7. (37)
dr

0

Then, we need to express v° in order to solve the last equation. From Eq. (29), we have

Then,



By using Eq. (36), we arrive at

dv' 1 2
P Qtanh (Q7) v = —cQ” sinh Q7.
-

1 2Q1
v = erpQ cosh Qr (QT —1In <+2€>> )

Finally, the solution for w! is:

The solution is

w' = csinhQr + oot

1 20T
= ¢sinh Q7 + ey cosh Q1 (QT —1In (4_;))
For solving w', instead of solving directly Eq. (35), from Eq. (38), we can deduce

1 1 2QT
00 = L y! = tanh (Qr) vl = cQsinh Q7 <QT —1In <+2€

u0

Finally,
0 . 1 + 6297-
w” = ccosh Q71 + erpQsinh Q7 [ Q7 — In — ]/

These solutions are described in figures (1) and (2).

(42)

2.8. Comparison between the Solutions of the L and LL Equations and the Hammond Method

for the Constant Electric Field

As we have noticed, the solutions of the L. and LL equations for the constant electric field coincide.
However, by using H method, in this case, the solution is different from the L. and LL solutions
since a loss of energy appears in the H one. This loss of energy which eliminates the constant
electric field paradox can be seen in figures (1) and (2). Apparently, this effect given by using
the H method justified the use of it to the detriment of the ideas of many authors that consider
that the term in the LL equation due to the attached fields (the Scott term) is the responsible

of eliminating the radiation term in the LL equation [12], [26], [20].
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Figure 1. Comparison of w! between the L, the LL, and the H solutions for the constant electric
field: L and LL in blue and H in red; Q =1 and 79 = 0.1 to show the effects.
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Figure 2. Comparison of w® between the L, the LL and the H solutions for the constant electric
field: L and LL in blue and H in red; Q = 1 and 79 = 0.1 to show the effects.

3. Step and Smooth Step Electric Field for the Lorentz, the Landau-Lifshitz
Equations and the Hammond Method

The step electric field in reality does not represent a physical attainable field, as the constant
field. However, the comparison between the solutions for the L and LL equations, and for the H



method, for the step electric field, permits us to understand the differences between them. Of
course, a smooth step electric field should be considered later to analyze a physical situation.

3.1. The Step FElectric field for the Lorentz and Landau-Lifshitz equations and the Hammond
method

Let us start by considering an electric field in the ! direction that behaves like a step function;
that is:

E= { ]_go fjfgr Tr<200 } — E,H (7). (45)

3.1.1. The solutions for the Lorentz equation with a step electric field
The solutions for the L equation are simple and have to be obtained for two cases:
1° case, 7 < 0.
The solution is
w! =0 and w’ = ¢ (46)

2° case, T > 0.
The solution is
w' = esinh Qp7 and w® = ccosh Qor, (47)

with Qo = eE/mec. These solutions are described in figures (3) and (4).

3.1.2. The solutions for the Landau-Lifshitz equation with a step electric field
The component LL equations, Eq. (3), for the step electric field, Eq. (45), are: for w!

d;:_l = QoH(r)uw’
+7.8 la(ﬂw“ + H(T)‘Zﬂ
+ 7,8 H (1) w?, (48)
and for w?,
CZ"TO = QH(r)w'
+7,80 lé(T)wl + H(T)d;;l]
+ 7, H (1) w’. (49)
Let us propose a general solution of the type:
w! = csinh ¥ and w’ = ccosh U, (50)

where ¥ = U(7). Introducing Eq. (50) into Eqs. (48) and (49), we obtain:
U = Qo(H (1)) + 7.Q0(5(1)), (51)

which coincides with the result found by Baylis and Huschilt [43| for the LL equation. After a
simple integration, considering the initial conditions, we arrive to:

0 for T<0
V= { Qo7 + Qoo for >0 } (52)



Therefore, we have two cases:
1° case, 7 < 0
The solutions are

w! =0 and w’ = ¢ (53)
20 case, 7 >0
The solutions are
w! = esinh (Qo (7 + 10)) and w® = ccosh (Qo (7 + 10)) (54)

These solutions are described in figures (3) and (4).

3.1.8. The solutions for the Hammond method with a step electric field

We must now obtain the motion of a charge within Hammond theory in the case of a step
electric field in 2! direction. Therefore, we use the electric field described in Eq. (45). Eq. (40)
is still valid

d 1
dL — Qtanh (Q7) vt = —cQ?sinh Qr, (55)
-
but with a different €2,
0 for T<0
Q{GC%:QO for >0 (56)

The problem can be divided in two cases:
1° case, T<0=0=0
Then, Eq. (40) can be written as

dv!
— =0 57
dr (57)
Hence,
d 1
W = wl =0 (58)
dr
2°Case,TZO:>Q:%:QO
First,
u' = csinh Q7 (59)
and for v!
dv' 1 2
P Qtanh (Q7) v' = —cQ”sinh Qr, (60)
-
The solution for v! is:
1 2Q0T
vt = 190 cosh Qo7 <QOT —1In <+Z>> . (61)
Then,
w'' = esinh Qo7 + vt
1 +€QQOT
= ¢sinh Qo7 + e cosh Qo7 [ Qo7 — In — /) (62)
Following the same method, we obtain
1 + 62907‘
w? = ccosh Qo7 + 79 sinh Qo7 [ Qo7 — In — (63)

These solutions are described in figures (3) and (4).



3.1.4. Comparison between the solutions of the L and LL equations and the Hammond method
for the step electric field

In figures (3) and (4), it is shown that there is a loss of energy in the H method which
corresponds to the Hammond’s aims about the radiation reaction force. On the contrary, the
solution of the LL equation presents a suddenly gain of energy. These two different results
represent one of the controversies between the LL equation and the H method. However, being
the step electric field a nonphysical field due to its discontinuity, the discussion about which is
the best option is somewhat disqualified. Accordingly, we need to compare the results by using
a physical field. This field can be expressed by a smooth step electric field which is physically
possible.

0.6 -
0.4
0.2

T S S S S
-0.5 0.5

Figure 3. Comparison of w! between the L and the LL, and the H solutions for the step electric
field: L in blue, LL in green and H in red; ¢ = 1 and 79 = 0.1 to show the effects.
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Figure 4. Comparison of w® between the L and the LL, and the H solutions for the step electric
field: L in blue, LL in green and H in red; ¢ = 1 and 79 = 0.1 to show the effects.



3.2. The Smooth Step Electric Field for the Lorentz and Landau-Lifshitz Equations and the
Hammond Method
Let us use a smooth step electric field which represents a physical situation and it can be

represented by
EE, (64)

where E is a constant vector in the x! direction related with the intensity of the electric field

and & is )
T

Notice that when T' — 0, the step electric field is obtained as a limit. However, in this case we
will consider 7' =1 in order to use a clearly smooth step electric field (see figure (5)).

£

Figure 5. Smooth step function & with T' =1

3.2.1. The solutions for the Lorentz equation with a smooth step electric field
The equations of motion by using the L equation in the case of a smooth step electric field

and putting ) = frsz are:
dw®
— = Qfw'
dr v
d 1
% = Q& (66)

By following the algebra done by Hammond [33| and by considering the initial conditions as
21 (—o00) = 0 and w!(—o00) = 0, the results are

—Q7r/2 (2071
W= ¢ ° (7 +2) , (67)
2v/2 v/ cosh Q1

and X
L c 6597—

v 2v/2 \/cosh Q1 (68)

These solutions are described in figure (6).
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Figure 6. w° and w' for the smooth step electric field are shown with 7= 1: L in blue, LL in
green and H in red; the smooth step electric field is in violet; 9 = 1 and 79 = 0.1 to show the
effects.

3.2.2. The solutions for the Landau-Lifshitz equation with a smooth step electric field
The LL equation in the case of a smooth step electric field is (with Q = ek

mc

du” X |

? = ng + TOQE’LU s

dw! d€

W~ asu® + T0Q—w?, (69)
dr dr

We solve these equations by using Wolfram Mathematica and the solutions are described in figure

(6).

3.2.8. The solutions by using the Hammond method with a smooth step electric field
By applying the Hammond method [33| which consists o putting

wh = ut 4 ook, (70)

Hammond obtained that u* coincides with the solution of the L equation, Eqgs. (67) and (68),
as it is expected. The solutions for v* and v' are

0 Q32 e27/2 (€297 41) Veosh Q7 (1~ In (4))
C T S(e 1 1) Vooshr | +V2 ((¢¥7 +1) I (2 +1) —1) Ve 41 | )
and
. Qe—7/2 (ezm + 2) o7 /2 (ezm + 1) Veosh 07 (1 — In (4))
T8 + 1) Jeoshr | +V2 ((2¥7+1)In (227 1) —1) Ve 41 72)

These solutions are described in figure (6).

3.2.4. Comparison between the solutions of the Lorentz and Landau-Lifshitz equations and the
Hammond method for the smooth step electric field

In figures (6), it is shown that there is also a loss of energy in the H method which corresponds
to the Hammond’s aims about the radiation reaction force as happens in the case of the step
electric field. On the contrary, the solution of the LL equation presents a gain of energy but,
unlike the previous case, there is no discontinuity. This allows us to see the discrepancy between
the LL equation and H method. The loss and gain of energies depending on the chosen equation
exemplifies the differences between both theories. This will be discussed after analyzing the
electromagnetic pulse case for both theories.



4. The Electromagnetic Pulse by using the Lorentz and Landau-Lifshitz Equations,
and the Hammond Method
The study of the electromagnetic waves in electrodynamics is fundamental. Above all, many
physical effects are explained by analyzing the motion of charged particles subjected to an
electromagnetic pulse. Let us now consider a polarized electromagnetic pulse, in the z direction
(x = z'); that is:

E = Ehd, (73)

where FE is a constant and h = h(z — t/c). The corresponding magnetic field is:
B = Ehy, (74)

Following Hammond [33], by making the following scale transformations x* — z#/L, t — tc/L
with L = A\/27 (note that L and A are not related with the wavelength of the pulse). We will
call this scale transformation as the dimensionless convention. h can be expressed as
1
h= —e ((=0/w) cog (Q(z—1)). (75)
w
where w is a dimensionless parameter that controls the width of the Gaussian and €2 is a
dimensionless parameter controlling the frequency. Notice that Hammond [35] chose w = 27/Q
in order to maintain an envelope containing a few wavelengths. We will use other parameters
by putting A = 5, @ = 0.1, w = 2)\/€, with an average intensity I = 10?2 Wem™2 where
E = (81 /c)~'/2 /w. All the solutions described in figures (7), (8), (9), (10), (11), (12) and (13)

are described by using these ultrahigh intensity electromagnetic pulse.

4.1. The Electromagnetic Pulse by using the Lorentz Equation
Let us begin by solving the L equation for such electromagnetic pulse and the above dimensionless

convention. Let us put a = %7 then the L equation can be written as
d 0
d—ti = ahuwt,
dw! 0 3
i ah (w —w ),
dw?
— = 0, 76
dr (76)
d 3
TU; = ahw'.
Then 0 5
dw dw
- 7
dr dr (77)
Integrating from 7 = —oo to 7, we arrive at
w? (1) — w® (—o0) = w3 (1) — w?® (—00). (78)

By putting the initial conditions as w®(—oc) = 1 and w'(—o0) = w?(—o0) = w?(—o0) = 0, we
arrive at

w’ (1) =14+ w? (7). (79)
Integrating from 7 = —oo to 7 and using the initial conditions, 2°(—o00) = —0co = 7(—00) and
21 (—00) = 2?(—00) = 23(—00) = 0, we obtain

T=1-2z, (80)



which represents an important result. Then, we can write

h= Lo/ cos (). (81)
w
The solutions are
w' = 14 a%82, wh = aé,
w? = 0, w? = a*&E?, (82)
where,
T/w 5
E(T) :/ e™¢ cos (2A¢) d¢, (83)

with ( = 7/w and 2A = w. The solutions of these equations are described in figures (7), (8),
(9), (10) and (11).
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Figure 7. " for the electromagnetic pulse: L in blue, HLD in red and LL in green.
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Figure 8. Close-up of the interval (150, 250), w® for the electromagnetic pulse: L in blue, HLD
in red and LL in green.



4.2. The Electromagnetic Pulse by using Landau-Lifshitz Equation
For the same electromagnetic pulse with the dimensionless convention and using as a good
approximation Eq. (80), the LL equations are

dw’ .

dl = a (h + T()h) w' + 10a®h? (w® — w?) (1 — w®(w® —w')),
-

dw! .

d& = a (h + Toh) (w° — w3) — mea’h?(w® — w?)2w?,
-

2
dw 0

i —1pa*h?(w® — w3)*w?, (84)
-

3 .
Cidl = a<h+70h) w! 4+ 19a?h? (w® — w?) (1 — w3 (W’ — wh)).

-

The solutions of these equations are obtained by using Wolfram Mathematica and they are
described in figures (7), (8), (9), (10), (11) and (13).

Figure 9. w!' for the electromagnetic pulse: L in blue, HLD in red and LL in green.

4.3. The Electromagnetic Pulse by using the Hammond Method
For the same pulse, Hammond first use a variation of the LD equation [32]| that we will call it
the Hammond-Lorentz-Dirac equation [HLD| and consists of using the following equation:

dw®
dr

Notice that this equation does not accomplish the balance of energy and a a consequence some
nonphysical results at first order in 7, can appear. This can be noticed in figure 8 where the
energy is less than c (less than one in the figure due to the dimensionless convention) in some
parts. By using Eq. (80) and the dimensionless convention, the HLD equations are:

d
= aFU“wu + 7o % (aFUMwﬂ) + (u'}“lbu) w?| + O(TOQ)’ <85)

d 0 . 4h252

di = ahw! + 1,a%hE — Toa 5
-

dw* 0

- = ah(w® — w?®) + ,ah — 7,a3h%E,



dw?

v = 0, (86)
dw? ) 43202

- ahw' + Toa2h5 + Toa2h2 — Toa ¢ )

dr 2
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Figure 10. w? for the electromagnetic pulse: L in blue, HLD in red and LL in green. Notice
that due to the initial conditions w? = 0.
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Figure 11. Close-up of the interval (150,250), w? for the electromagnetic pulse: L in blue, HLD
in red and LL in green.

4.4. Hammond Approximation for an Ultrahigh Intensity Electromagnetic Pulse

Finally, Hammond [35] applied his method for the same pulse using Eq.(80) and the dimensionless
convention but making the following approximation for an ultrahigh intensity electromagnetic
pulse,

wh dg

- ——. 87
PH << 5 (87)
Hammond obtain an equation by using Eq. (8) but with
ma
I (5%)

c? dr’



since he consider that

ot ~ 0. (89)
The equation of motion turns to be
d 0
% = aFO“w“ + 7o (WHy,) w?,
dw’ , w' d¢
= aF*%w, — ——— 90
dr T (90)

which can be called the Hammond approximated equation for ultrahigh intensity electromagnetic
pulses [HA]. This is similar to the assumption done by Shen [40] for the LD equation by neglecting
the Schott term. Nevertheless, although he obtained a similar result to the one obtained by using
the HLD method, Hammond’s results show differences with what he gets with the LL equation
and the EFO equation (see figure 2 in reference [35]. The most important difference in the
results obtained by Hammond [35] is the final z component of the velocity. Moreover, due to the
unphysical runaways solutions, Hammond claimed that for this reason alone one may conclude
that the LAD equation is incorrect, but it was shown that this arises from a deeper problem,
explicitly, nonconservation of energy. Since the LL and EFO equations may be derived from the
LAD equation, we should not expect them to be exact. Contrary to what Hammond [35] assures,
those that fulfill the conservation of energy are the L, LL and EFO equations because they are
based in Dirac’s assumption of the conservation of the energy, where the Schott term appears in
a natural way and those that do not comply with the conservation of energy are the HLD and
HA equations. Moreover, the energy balance is accomplished by the L, the LL and the EFO
equations and the H method. But in the cases of the HLD and the HA the energy balance is
not accomplished as has been shown graphically in figure (8), Indeed, in general, it can be seen
that the LDH and HA equations do not satisfy the energy balance simply multiplying them by
w,,. However, as we can see, our results obtained by using the LL equation, figure (11), shows
that the difference are not such. Hammond managed the LL equation to obtain the numerical
solution of the LL equation in the case of the ultrahigh intensity electromagnetic pulse in his
article [35] but our result is obtained by directly using the LL equation and accordingly, the
result is similar to LDH and HA one’s.

Let us describe how Hammond solve the LL equation. He starts by neglecting the
corresponding Schott term in the LL equation such that he obtains the following Landau-Lifshitz-
Hammond equation for an ultrahigh intensity electromagnetic pulse [LLH]|; that is:

Iz I
B P 4B By (91)
and he used the Egs. (73), (74) y (75), with a = <22 By using Eq. (80) and the dimensionless
convention Eq. (91) maybe described by

Wt 4 (B M 0

CZU: = ah(wo—w?’)—i-ﬁ,(a;ﬂdd%) L

df: = 0+To(%dd%)w2, (92)
d;f = ahwx—l—To(%dd%) 3

In order to solve this equation, it is necessary to use the following approximation,
dwt dw,,  dut duy,

dr dr  dr dr’ (93)



where w# = ut + 1,0* and by using Eq. (92 ), we obtain

dw' dw, 9 97 1\2 9.9, 332 2,2/ 1)2
Simplifying, b d
W awy 23200 112
I g = e h (Wt —w) (95)

By using Eqgs (82) and (83), we have

dw" dw, 22( 1 59 122)2 2,2
= —a?h? 1+ Za?h2 = Zg2h = —a‘h 96
dr dr ¢ —i—2a 2a @ (96)

and substituting in Eq. (92), we obtain

% = ahw, — Toa2h2w0,

dr
d;j_x = ah(wy—w,) — roa’h?w!,
% = —7na’h*uw?, (97)
G = ahw, — T,a*h*w?.

dr

The solutions of these equations are shown in figures (12) and (13), and it can be seen that
it corresponds to the Hammond solution of the LL equation in reference [35] which does not
corresponds to the real LL solution.

w® w'

0.5+
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Figure 12. The solutions of w* for an ultrahigh intensity electromagnetic pulse by using the
LLH equation.



Figure 13. Comparison of the solutions w* for an ultrahigh intensity electromagnetic pulse for
the different equations; L in blue, HLD and HA in red, LL in green and LLH in violet.

5. Discussion
Hammond [35] compared the EFO, the LL and HA (LDH is similar) results obtaining that for
ultrahigh intensity pulses it is possible to experimentally measure the gain of net energy predicted
by the Hammond theory described by analyzing the final w® components of each case (see figure
(2) in [35]). It has to be noticed that the Lawson-Woodward theorem states: if radiation reaction
is excluded, the particle gains no net momentum from the pulse. This happens when we consider
the L solution. He claims that the gain of energy just happens when the LDH and the HA
equations are considered. However, it has to be highlighted that the LL solutions (obtained by
directly solving the LL equation) are very similar to LDH and HA solutions and there is also
a gain of energy in z direction. However, the LDH and the HA equations do not satisfied the
balance of energy and they did not come from a conservation of energy theories, neither the
Hammond method unlike the LD, the LL and the EFO equations. Hammond did not obtain a
correct descriptions of the LL. and EFO solutions by using the LLH and a similar variation of
the EFO by neglecting the Schott term.

For the constant magnetic field, it has been proved that the decay time and trajectories are
similar for the Hammond theory [35] and the LL [38]; that is: fgecay < 1/7ow?. For the central
field case, it has been shown that the Hammond method and the LL equation are equivalent [39].

6. Concluding Remarks

We can conclude that the big difference between Hammond method and the LL equation consists
of a gain of energy that is sometimes present in the LL equation as happens in the cases of the
constant electric field and of the step or smooth step electric field. However, it is all based
on Hammond disregarding for the origin of the Schott term which comes from the field itself
generated in the vicinity of the charged particle (the attached fields). In truth, this term causes
that in some cases the particle gains kinetic energy but always keeping the energy balance. Do
not forget that the conservation of the energy must consider the energy of the particle and the
energy of the field. The balance of energy must be accomplished in each equation of motion and



it only means that the energy generated is equal to the power, ma*w, = Ftw, = 0, which are
not satisfied in the LDH, the HA and LLH equations

The apparent constant force paradox is explained by other authors by noticing that the
radiation exits at the infinity; that is, the energy radiated to infinity is taken from the attached
fields (the Schott term or the acceleration energy) and consequently even if the total radiation
term in the equation of motion vanishes, the radiation to the infinity (the irreversible emission
of radiation) exists. Moreover, by using similar arguments, DeWitt and Brehme explain this
phenomenon in his generalization to General Relativity of the damping term [20].

Moreover, a Landau-Lifshitz-like equation [22] in General Relativity has been proposed
supporting the validity of the Landau-Lifshitz equation in Special Relativity. Finally, and perhaps
the most important argument to support the LL equation has been done by Krivitskil et al [25]
by showing that the radiation reaction term represents an average radiation reaction force in
Quantum Electrodynamics.

Finally, we can conclude that the LL equation of motion for a spin-less point-like charged particle
represents the best proposal to describe the motion of such particles in Classical Electrodynamics.

Acknowledgments
This work was partially supported by COFAA and EDI (IPN), and CONACYT.

References

[1] Landau L D and Lifshitz E M 1962 The Classical Theory of Fields 2nd Ed. (Pergamon, London) § 76

[2] Caldirola P 1979 On a relativistic model of the electron Nuov Cim A 49, 497-511
https://doi.org/10.1007/BF02815781

[3] Mo T C and Papas C H 1971 New Equation of Motion for Classical Charged Particles Phys. Rev. D 4 3566
https://doi.org/10.1103 /PhysRevD.4.3566

[4] Yaghjian A D 1992 Relativistic Dynamics of a Charged Sphere (Springer, New York).

[5] Parrot S 1986 Relativistic Electrodynamics and Differential Geometry (Springer-Verlag, New York) Chap. 5;
and References therein

[6] Dirac P A M 1938 Classical theory of radiating electrons Proc. Roy. Soc. A 167 148
https://doi.org/10.1098 /rspa.1938.0124

[7] Spohn H 2000 The critical manifold of the Lorentz-Dirac equation Furophys. Lett. 50 3 287
https://doi.org/10.1209%2Fepl %2Fi2000-00268-x

[8] Spohn H 2004 Dynamics of Charged Particles and their Radiation Field (Cambridge University Press,
Cambridge) Chap. 9

[9] Rohrlich F 2000 The self-force and radiation reaction Am. J. Phys. 68 1109
https://doi.org/10.1119/1.1286430

[10] Rohrlich F 2001 The correct equation of motion of a classical point charge Phys. Lett. A 283 276
https://doi.org/10.1016,/S0375-9601(01)00264-X

[11] Rohrlich F 2007 Classical Charged Particles 3rd ed (World Scientific Publishing, New Jersey) Supplement
257

[12] Ares de Parga G 2006 A Physical Deduction of an Equivalent Landau-Lifshitz Equation of Motion in Classical
Electrodynamics. A New Expression for the Large Distance Radiation Rate of Energy Found. Phys. 36 10
1474
https://doi.org/10.1007/s10701-006-9072-x

[13] Medina R 2006 Radiation reaction of a classical quasi-rigid extended particle J. Phys. A 39 3801
https://doi.org/10.1088,/0305-4470/39/14/021

[14] Yanovsky V Chvykov V Kalinchenko G Rousseau P Planchon T Matsuoka T Maksimchuk A Nees J Cheriaux
G Mourou G and Krushelnick K 2008 Ultra-high intensity- 300-TW laser at 0.1 Hz repetition rate Opt.
Ezxpress 16 2109
https://doi.org/10.1364/0E.16.002109

[15] Eliezer C J 2014 On the Classical Theory of Particles Proc. Roy. Lond. A 194 1039 543
https://doi.org/10.1098 /rspa.1948.0096

[16] Ford G W and O’Connell R F 1993 Relativistic form of radiation reaction, Phys. Lett. A 174 182
https://doi.org/10.1016,/0375-9601(93)90755-O



[17]

(18]

(19]

20]
21]

[22]

23]

[24]

25]

[26]

27]

28]

[29]

(30]

[31]
32]

[33]
[34]

[35]
[36]
[37]
[38]
[39]
[40]

[41]
[42]

[43]

Di Piazza A 2008 Exact Solution of the Landau-Lifshitz Equation in a Plane Wave Lett. Math. Phys. 83 305
https://doi.org/10.1007/s11005-008-0228-9

Kravets Y Noble A Jaroszynski D 2013 Radiation reaction effects on the interaction of an electron with an
intense laser pulse Phys. Rev. E 88 011201(R)
https://doi.org/10.1103/PhysRevE.88.011201

Garcia-Camacho J F Ares de Parga G and Tun D 2019 Modified Vlasov equation and dispersion relations
for a relativistic radiating electron plasma J. Plasma Phys. 85 905850307
https://doi.org/10.1017/50022377819000370

DeWitt B S and Brehme R W 1960 Radiation damping in a gravitational field Ann. Phys. (N.Y.) 9, 220
https://doi.org/10.1016,/0003-4916(60)90030-0

Hobbs J M 1968 A vierbein formalism of radiation damping Ann. Phys. (N.Y) 47 141
https://doi.org/10.1016,/0003-4916(68)90231-5

Quinn T C and Wald R M 1997 Axiomatic approach to electromagnetic and gravitational radiation reaction
of particles in curved spacetime, Phys. Rev. D 56 6 3381
https://doi.org/10.1103/PhysRevD.56.3381

Ford G W and O’Connell R F 1991 Radiation reaction in electrodynamics and the elimination of runaway
solutions Phys. Lett. A 157 4-5 217
https://doi.org/10.1016,/0375-9601(91)90054-C

Ford G W and O’Connell R F 1991 Total power radiated by an accelerated charge Phys. Lett. A 158 1-2 31
https://doi.org/10.1016,/0375-9601(91)90336-7

Krivitskit V' S and Tsytovich V N 1991 Average radiation-reaction force in quantum electrodynamics Sov.
Phys. Usp. 34 3 250
https://doi.org/10.1070/PU1991v034n03ABEH002352

Ares de Parga G Mares R and Dominguez S 2005 Landau-Lifshitz equation of motion for a charged particle
revisited Ann. Fond. Louwis de Broglie 30 283

Garcia-Camacho J Salinas E Avalos-Vargas A and Ares de Parga G 2015 Mathematical differences and
physical similarities between Eliezer-Ford-O’connell equation and Landau-Lifshitz equation Rev. Fis. Mez.
61 363

Grandy Jr W T 1970 Concerning a 'Theoretical paradox’ in classical electrodynamics Nuovo Cimento A 65
738

Bosanac S D 2001 General classical solution for dynamics of charges with radiation reaction J. Phys. A:
Math. Gen. 34 473
https://doi.org/10.1088%2F0305-4470%2F34%2F3%2F 311

Sorkin R D 2004 An energy bound deduced from the vanishing of the radiation reaction force during uniform
acceleration Mod. Phys. Lett. A 19 543 https://doi.org/10.1142/5021773230401343X

Hammond R T 2008 Radiation Reaction at Extreme Intensity EJTP 5 17 1726

Hammond R T 2010 Relativistic Particle Motion and Radiation Reaction in Electrodynamics EJTP 7 23
221

Hammond R T 2009 New approach to radiation reaction in classical electrodynamics arXiv:0902.4231

R. T. Hammond R T 2011 Charged Particle in a Constant, Uniform Electric Field with Radiation Reaction
Adv. Studies Theor. Phys. 5 6 275

Hammond R T 2010 Radiation reaction at ultrahigh intensities Phys. Rev. A 81 062104
https://doi.org/10.1103 /PhysRevA.81.062104

Hammond R T 2013 Electrodynamics and Radiation Reaction Found. Phys. 43, 201
https://doi.org/10.1007/s10701-012-9687-z

Shi Y 2019 Radiation reaction of classical hyperbolic oscillator: Experimental signatures Annals of Physics
405 130-154
https://doi.org/10.1016/j.a0p.2019.03.010

Ares de Parga G Mares R and Ortiz-Dominguez M 2013 Rev. Mez. Fis. S 59 1 49-54

Ares de Parga G Dominguez-Hernandez S and Salinas-Hernédndez E 2018 Hammond versus Ford radiation
reaction force with the attractive Coulomb field Rev. Mex. Fis. 64 187-196

Shen C S 1972 Magnetic Bremsstrahlung in an Intense Magnetic Field Phys. Rev. D 6 2736
https://doi.org/10.1142/S021773230401343X

Lawson J D 1975 Laser Accelerators? Tech. Rep. RL-75-043 3 Rutherford Laboratory (Chilton, Oxon, UK)

Esarey E Sprangle P and Krall J 1995 Laser acceleration of electrons in vacuum Phys. Rev. E 52 5443
https://doi.org/10.1103 /PhysRevE.52.5443

Baylis W E and Huschilt J 2002 Energy balance with the landau-Lifshitz equation Phys. Lett. A 301 7-12
https://doi.org/10.1016/S0375-9601(02)00963-5



